We have investigated shear and bulk elastic stresses in non-Newtonian fluids in which bubble formation due to a blowing agent is taking place. In the absence of shear, these elastic fields manifest themselves strongly during the formation of bubbles, and during coalescence events. At later times, their activity is confined to the surface of the bubbles. These effects cause a significant slow-down in radial growth. In the presence of steady shear, elasticity tends to stabilize bubble shapes, as the maximum number of droplets decreases with shear rate, while their growth rate increases. ͓S1063-651X͑98͒16109-3͔ PACS number͑s͒: 83.80. Bp, 61.25.Hq, 82.70.Rr Polymeric foams have gained increasing technological importance due to their light weight, low density, and high impact resistance ͓1͔. Inside an extruder, the foams are prepared by dissolving a small molecular species, such as CO 2 , which acts as a blowing agent ͑BA͒ within the polymer melt. A sudden drop in pressure results in the foaming of the thermoplastic, as bubble formation and growth of the BA occurs. After nucleating from the polymer melt, the bubbles grow by diffusion of the BA, by expansion of the vapor against the melt, and by coalescence. On extrusion to a cooler temperature, the thermoplastic hardens, freezing the bubble distribution in place.
Polymeric foams have gained increasing technological importance due to their light weight, low density, and high impact resistance ͓1͔. Inside an extruder, the foams are prepared by dissolving a small molecular species, such as CO 2 , which acts as a blowing agent ͑BA͒ within the polymer melt. A sudden drop in pressure results in the foaming of the thermoplastic, as bubble formation and growth of the BA occurs. After nucleating from the polymer melt, the bubbles grow by diffusion of the BA, by expansion of the vapor against the melt, and by coalescence. On extrusion to a cooler temperature, the thermoplastic hardens, freezing the bubble distribution in place.
Since these foamed melts are non-Newtonian fluids, a description of bubble growth requires a set of coupled mass and momentum transfer equations augmented with the constitutive equation of the viscoelastic polymeric material. Indeed, considerable effort has been invested in such studies of bubble growth in melts ͓2͔, most of it centered on isolated bubbles surrounded by liquid. However, as mentioned above, in a foaming process a large number of bubbles grow simultaneously and interact with each other; isolated bubble models are unable to address these important aspects of the growth process. Therefore, in this paper, we take a very different approach to the traditional study of foams. We present a study of bubble growth in a polymer melt where a large number of droplets are nucleated and interact through diffusion, velocity, and particularly highly-correlated elastic fields.
We take a mesoscopic and hydrodynamic approach to polymers, which does not consider the details of molecular properties. Our model is a generalization of the two-fluid models introduced by several authors on a phenomenological basis to describe the dynamics of polymer melts and solutions ͓3-6͔. We define a relative polymer mass concentration ; the BA concentration is given by 1Ϫ. A GinzburgLandau approximation to the Flory-Huggins free energy density gives a mixture free energy of the form
where f 0 and are constants, determining, for example, the surface tension. The polymer and BA velocities, v P and v BA , are related by the incompressibility condition for the average velocity vϭv P ϩ(1Ϫ)v BA , i.e., ٌ•vϭ0. This implies that bubbles expand at the expense of the polymer. In dimensionless form, the momentum equation is
where Reϭ 0 l 0 2 /(*) is the Reynolds number ( 0 is the melt density͒, p is the pressure, BA is the BA viscosity, * is the polymer melt viscosity, and is the viscoelastic stress tensor. Our dimensionless results involve the characteristic length l 0 and time .
We choose the constitutive equation for i j to be the linear Maxwell model of viscoelasticity. The model is ‫ץ‬ i j /‫ץ‬tϩ i j ϭ␥ i j , where ␥ i j is the rate of strain ͓7͔. ͑We have also considered the nonlinear upper-convected Maxwell model, but found no important differences from our results reported below.͒ For times long compared to , Eq. ͑2͒ becomes the Navier-Stokes equation for a Newtonian fluid. For short times, stress is proportional to strain, via the elastic modulus, Gϭ/. Thus an increase of elasticity in the polymer also implies an increase in its viscosity. It is convenient to separate the stress tensor into a traceless and diagonal part ͓8͔, corresponding, respectively, to shear and bulk behavior. That is, i j ϭ i j T Ϫ␦ i j P B , with Tr( T )ϭ0 and P B ϭϪTr()/d, where d is the space dimension. These quantities obey
and ‫ץ‬ P B /‫ץ‬tϩ P B ϭϪDٌ•v P , where Dϭ/*, v P ϭv ϩ(1Ϫ)͓Ϫٌ(␦F/␦)ϩٌ•/ 0 ͔/D ͑from the incompressibility condition and the momentum equation above͒ ͓3,5,6͔, and 0 is the total ͑constant͒ concentration of the polymer. A generalization of the approach in this paper involves treating T and P B with different time constants ͓6͔.
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Notice that since we can write ϭG and *ϭG*, then Dϭ/*ϭG/G* is both a measure of the ratio of viscosities and of elasticity. The description of the model is completed with the diffusion equation describing the time evolution of the order parameter:
We have numerically integrated Eqs. ͑2͒-͑4͒ in dϭ2 on a 256ϫ256 square lattice with periodic boundary conditions, with grid size ⌬xϭ1 and time step ⌬tϭ0.005. In most foams the BA viscosity is negligible, so we set BA ϭ0. In dϭ2, the incompressibility condition is conveniently applied through a velocity potential ⍀, defined as v x ϭ‫ץ‬⍀/‫ץ‬y and v y ϭϪ‫ץ‬⍀/‫ץ‬x, where ٌ 2 ⍀ϭϪٌϫvϭϪ, and is the vorticity. Thus we use the differential equation for ⍀ in Fourier space and, after transforming back into real space, we compute the velocity components. To ensure numerical stability when fast variations of elastic fields occur near the surface of a droplet, we use a low-pass, fast-Fourier filter ͓6͔. Parameters used in the simulation are ( f 0 ,, 0 ,D) ϭ(8,4,0.75,1Ϫ10). We consider an applied shear that is triangular, involving a characteristic rate of strain V 0 ϭ0 Ϫ1.2. The shear profile is v 0x ϭ2V 0 y/256 if 1рyр128 and v 0x ϭ2V 0 (1Ϫy/256) if 128Ͻyр256. The constant strain rate is ␥ ϭ‫ץ‬v 0x /‫ץ‬yϭϮV 0 /128. In Fig. 1 , we use the quantity ␥ 0 ϭ␥ (V 0 ϭ1)ϭ1/128 to normalize the stress. Using G* ϭ10 5 Pa, ϭ0.01 s, and l 0 ϭ10 Ϫ5 m, our shear rate is ␥ р1 s Ϫ1 ͑corresponding to features in the total stress ͓6͔ at ϳ3000 Pa͒ and the surface tension is ϳ10 Ϫ2 N/m. For these parameters, and others where Reр1, the flow patterns are essentially independent of Reynolds number.
Figures 1, 2, and 3 show different aspects of the effects of elastic fields on the foaming process. In the absence of applied shear, elastic fields have a large-scale effect during the initial stages of bubble formation, and decay thereafter. The fields, however, do not disappear entirely since elastic activity remains at the surface of the droplets for late times. Furthermore, long-range elastic fields are created during the coalescence of bubbles, as can be seen in Fig. 1 . The left top panel shows the highly correlated structure of xx T ͑shown in gray scale͒, which is especially prominent around two pairs of bubbles ͑shown in black͒ undergoing coalescence. The right panel shows the vectorial force field ( f i ϭ‫ץ‬ i j T /‫ץ‬x j ), in a close-up of the top coalescing bubbles. The stress correlation function ͓6͔ also shows this behavior clearly.
The middle panels in Fig. 1 show the effect of the elastic bulk pressure P B . Since the total volume of the mixture is kept constant, the bubbles can only expand at the expense of the polymer. Expanding bubbles, therefore, compress the polymer surrounding them, and that creates a rim of elastic pressure around the growing bubbles ͑shown in light gray͒. On the other hand, shrinking bubbles allow the surrounding polymer to decompress, and they are surrounded by a trough of elastic pressure ͑shown in dark gray͒. The barrier and trough in pressure unequivocally signal the growing and shrinking bubbles. On the right side, a later time configuration ͑indicated by white bubbles͒ is superposed on the configuration shown on the left: we see that, in fact, the ''dark gray'' bubbles have disappeared or shrunk, while all the light gray bubbles remain.
Finally, the addition of shear produces strong, long-lived elastic fields as shown in the bottom panels of Fig. 1 , where the stress component xx T is shown at two times for a system undergoing shear. In the present case, where the volume remains constant and the shear viscosity does not depend on 2 , and viscosity ratio Dϭ10. For a system without shear at tϭ600, the top panels show the stress component xx T and the vectorial force field around a pair of coalescing bubbles. Variations in xx T are represented by a gray scale that goes from relatively high positive values of stress for dark gray to relatively high negative values of stress for white ͑bubbles are represented by black͒. For the same system, the middle panels show the elastic bulk pressure P B ϭϪTr()/d. The left configuration corresponds to tϭ600; the rings of lighter gray around the bubbles correspond to positive values of P B ͑i.e., a rim of pressure͒ while the rings of darker gray correspond to negative values of P B ͑i.e., a trough of pressure͒. The right panel represents the same picture, except that a later configuration at tϭ900 ͑represented by white bubbles͒ has been superposed. Notice that the bubbles surrounded by a trough of pressure have either shrunk or disappeared. The bottom panels show the same system under shear (V 0 ϭ0.8) at times tϭ500 and tϭ1900. The gray scale has the same meaning as in the top panel.
the strain rate, these fields are nearly constant, or decay very slowly, as quantified below.
Figures 2͑a͒ and 2͑b͒ show the effect of viscosity and elasticity on the time variation of the mean droplet radius R(t) and the total number of droplets N(t) in the absence of shear. First, we compare two systems represented by Eqs. ͑2͒-͑4͒ with viscosity ratios Dϭ1 and Dϭ10. Since variations in D represent variations in both viscosity and elasticity, the functions R(t), N(t), and xy T (t) ͓Fig. 3͑a͔͒ are quite different for these two values of D. To quantify the difference in terms of viscosity and elasticity, we simulate the same equations, setting the time derivatives in the Maxwell model to zero, i.e., we include viscosity and remove elasticity. For Dϭ1, elasticity does not play a role in the growth of bubbles, which follows R(t)ϰt n with the growth exponent nϭ1/2, which is characteristic of off-critical quenches with hydrodynamic flows in two dimensions ͓9͔. Increasing the viscosity ͑without elasticity͒ by an order of magnitude produces no qualitative change in the growth. However, elasticity changes this behavior completely, producing a transient plateau in R(t) of very small growth, then switching to power-law growth with a very slow coarsening rate.
Figures 2͑c͒ and 2͑d͒ show the effect of shear for a system with Dϭ10. The presence of elasticity tends to stabilize the elliptical shape of the bubble; in systems without elasticity the bubbles undergo a ''strip-out'' instability, acquiring the shape of stripes for shear rates around V 0 ϭ0.8 and larger. For the present concentration of BA (25%), the presence of shear rate decreases the number of nucleated droplets, and increases their rate of growth. The effective exponent is in the range nϳ0.7. ͑We would expect nϭ1 asymptotically since a constant applied force should result in a constant velocity.͒ Figure 3͑a͒ shows the time variation of the viscoelastic stress xy T for systems with and without shear. The total shear stress ⌺ xy can be written as ⌺ xy ϭ xy T Ϫ2‫ץ‬ x ‫ץ‬ y ϩ xy 0 , where the first term is the viscoelastic contribution due to the velocity fluctuations v P Ϫv 0x x , the second term is the interface contribution, and the third term is the viscous contribution due to shear, xy 0 ӍD␥ ϭD(ϮV 0 /128). In this figure, xy T is normalized by ␥ 0 . Clearly, viscoelasticity, and particularly applied stress, cause dramatic qualitative increases in the internal stress. Figure 3͑b͒ shows the maximum number of nucleated droplets N m , and the time when that maximum number occurs t(N), as a function of V 0 : As V 0 is increased, N m decreases sharply as t(N) increases. We expect these two-dimensional results to be observable experimentally in dϭ3, but several issues should be borne in mind. First, experiments often consider a large ϳ0.90, compared to 0.75 considered herein. With low concentrations of BA, there will be a more marked transient regime of diffusive growth, where bubbles grow by absorbing material from the supersaturated matrix with an exponent nӍ1/2, while their number stays almost constant. Second, there are different growth laws for bubbles in three dimensions. In d dimensions, the characteristic hydrodynamic exponent is n ϭ1/d in high-viscosity systems, when gravitational effects are negligible, while gravity speeds up growth ͓10͔. Indeed, most experiments ͓1͔ find growth exponents that vary from nϭ1/3 to nϭ1/2 in the absence of shear. 
